Abstract. A purity conjecture due to Grothendieck and Auslander-Goldman predicts that the Brauer group of a regular scheme does not change after removing a closed subscheme of codimension ě 2. The combination of several works of Gabber settles the conjecture except for some cases that concern p-torsion Brauer classes in mixed characteristic p0, pq. We establish the remaining cases by using the tilting equivalence for perfectoid rings. To reduce to perfectoids, we control the change of the Brauer group of the punctured spectrum of a local ring when passing to a finite flat cover.
The purity conjecture of Grothendieck and Auslander-Goldman
Grothendieck predicted in [Gro68b, §6] that the cohomological Brauer group of a regular scheme X is insensitive to removing a closed subscheme Z Ă X of codimension ě 2. This purity conjecture is known in many cases (as we discuss in detail below), for instance, for cohomology classes of order invertible on X, and its codimension requirement is necessary: the Brauer group of A 2 C does not agree with that of the complement of the coordinate axes (see [DF84, Rem. 3] ). In this paper, we finish the remaining cases, that is, we complete the proof of the following theorem. Theorem 1.1 (Theorem 6.1). For a scheme X and a closed subscheme Z Ă X such that for every z P Z the local ring O X, z of X at z is regular of dimension ě 2, we have The purity conjecture of Grothendieck builds on an earlier question of Auslander-Goldman pointed out in [AG60, 7.4 ]. Due to a result of Gabber [Gab81, II, Thm. 1], that is, due to the agreement of the Brauer group of an affine scheme with its cohomological counterpart, a positive answer to their question amounts to the affine case of the following consequence of Theorem 1.1. The global Theorems 1.1 and 1.2 are known to readily reduce to the following key local purity result.
Theorem 1.3 (Theorem 5.3). For a strictly Henselian, regular, local ring R of dimension ě 2, H 2 et pU R , G m q " 0, where U R is the punctured spectrum of R.
In turn, as we now summarize, many cases of Theorem 1.3 are already known.
(i) The case dim R " 2 follows from the equivalence of categories between vector bundles on SpecpRq and on U R , see [Gro68b, 6 .1 b)].
(ii) The case dim R " 3 was settled by Gabber in [Gab81, I, Thm. 2].
(iii) The vanishing of H 2 et pU R , G m qrp 8 s for the primes p that are invertible in R follows from the absolute purity conjecture whose proof, due to Gabber, is given in [Fuj02] or [ILO14, XVI] (special cases also follow from earlier [Gro68b, 6 .1], [SGA 4 III , XVI, 3.7], [Tho84, 3.7] ).
(iv) The vanishing of H 2 et pU R , G m qrp 8 s in the case when R is an F p -algebra is given by [Gab93, 2.5] (and, under further assumptions, also by the earlier [Hoo80, Cor. 2]).
(v) The case when R is formally smooth over a discrete valuation ring is given by [Gab93, 2.10].
(vi) Gabber announced further cases in an Oberwolfach abstract [Gab04, Thm. 5 and Thm. 6] whose proofs have not been published: the case dim R ě 5 and the case when R is of dimension 4, of mixed characteristic p0, pq, and contains a primitive p-th root of unity.
An example of an R that is not covered by these published or announced results is R " pW pF p q x 1 , x 2 , x 3 , x 4 q{px 1 x 2 x 3 x 4´p q. For proving Theorem 1.3, we will use its known cases (i)-(iii) but not (iv)-(vi).
Our proof has two main steps. The first is to show that the validity of Theorem 1.3 for R of dimension ě 4 is insensitive to replacing R by a regular R 1 that is finite flat over R. Such a reduction has also been announced in [Gab04, Thm. 4 ], but our argument seems simpler and gives a more broadly applicable result. More precisely, we argue in §2 that passage to R 1 is controlled by the U R -points of a certain homogeneous R-space X, show that X is affine, and then conclude by deducing that XpU R q " XpRq; the restriction dim R ě 4 comes from using the vanishing of the Picard group of the punctured spectrum of the local complete intersection R 1 b R R 1 that intervenes in reducing to X. In comparison, the argument sketched for loc. cit. uses deformation theory and a local Lefschetz theorem from [SGA 2 new , X] to eventually obtain passage to R 1 from the known cases of Theorem 1.3. Since the p-primary Brauer group of a perfect F p -algebra vanishes, the first step suffices in characteristic p.
The second step is to use the tilting equivalence of Scholze introduced in [Sch12] (which, in turn, is a version of the almost purity theorem of Faltings [Fal02] ) to show that for a p-torsion free perfectoid ring A, the p-primary cohomological Brauer group H 2 et pAr 1 p s, G m qrp 8 s vanishes (see Theorem 4.10). This vanishing ultimately comes from the fact that the étale p-cohomological dimension of an affine, Noetherian scheme of characteristic p is ď 1. The intervening comparisons between the étale cohomology of (non-Noetherian) affinoid adic spaces and of their underlying coordinate rings add to the technical details required for the second step but not much to the length of the overall argument because, modulo limit arguments, the comparisons we need were proved by Huber in [Hub96] .
The flexibility of the first step leads to the following refinement of Theorem 1.3. Theorem 1.4 ( §5.4). For a Henselian, regular, local ring R of dimension ě 2 whose residue field is of dimension ď 1 (in the sense recalled in Definition A.1) and an R-torus T , we have
The vanishing of H 1 pU R , T q, included here for completeness, follows already from [CTS79, 6.9].
1.5. Notation and conventions. For a semilocal ring R, we let U R Ă SpecpRq be the open complement of the closed points. For most schemes S that we consider, we have H 2 pS, G m q " H 2 pS, G m q tors (see Lemma 3.2), so we phrase our results about the (cohomological) Brauer group in terms of étale cohomology. Other than in the proof of Lemma 3.1, we do not use the relationship with Azumaya algebras. For a scheme morphism S 1 Ñ S, we let p´q S 1 denote base change to S 1 and let Res S 1 {S p´q denote the restriction of scalars. For a field k, we let k denote a fixed choice of its algebraic closure. We let W p´q denote the p-typical Witt vectors. When no confusion seems likely, we let O abbreviate the structure sheaf O S of a scheme S.
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Passage to a finite flat cover
The perfectoid approach to the purity conjecture hinges on the ability to pass to an infinitely ramified cover of a regular local ring R without killing Brauer classes of its punctured spectrum. The results of the present section facilitate this. To highlight the inputs to their proofs, we chose an axiomatic approach when presenting the key Propositions 2.2 and 2.3. Concrete situations in which these propositions apply are described in Corollaries 2.4 and 2.5 and Remarks 2.6 and 2.7.
Lemma 2.1. For a finite, locally free scheme morphism π : S 1 Ñ S and an S-affine S-group scheme G, the homogeneous space X :" pRes S 1 {S pG S 1 qq{G is representable by an S-affine scheme that is smooth if so is G. In addition, if π has a section, then
as S-schemes and, in the case when G is commutative, even as S-group schemes.
Proof. Both the representability by an S-affine scheme and the smoothness are properties that are fppf local on S, so, by base change along π, we assume that π has a section:
S. Then the adjunction map i : G ãÑ Res S 1 {S pG S 1 q has a section j : Res S 1 {S pG S 1 q ։ Res S{S pGq -G, which is a group morphism. It follows that X -Ker j over S, compatibly with group structures if G is commutative. Since Res S 1 {S pG S 1 q is an S-affine S-group scheme (see [BLR90, 7 .6/4 and its proof]), the representability of X by an S-affine scheme and the decomposition (2.1.1) follow. If G is smooth, then so is Res S 1 {S pG S 1 q, and hence X is, too (see [BLR90, 7.6 /5] and [SGA 3 I new , VI B , 9.2 (xii)]).
Proposition 2.2. For a finite, flat map R Ñ R 1 of local rings, an open subscheme V Ă Spec R, and an affine, smooth R-group scheme G, if
(1) ΓpSpec R, Oq -ΓpV, Oq via pullback; and (2) every G-torsor is trivial over R; then the following pullback is injective:
Proof. By Lemma 2.1, the homogeneous space X :" pRes R 1 {R pG R 1 qq{G is an affine R-scheme. Thus, due to (1), we have XpRq -XpV q via pullback. However, due to (2), every element of XpRq lifts to pRes R 1 {R pG R 1 qqpRq. Consequently, every element of XpV q lifts to pRes R 1 {R pG R 1 qqpV q, so, by [Gir71, III.3.2.2], the map
is injective. However, the projection π : V R 1 Ñ V is finite, so, as may be checked on strict Henselizations at points of V , the étale sheaf R 1 π˚pG V R 1 q vanishes. By [Gir71, V.3.1.3], this implies that
, so the injectivity of (2.2.1) follows from that of (2.2.2). Proposition 2.3. For a finite, flat map R Ñ R 1 of local rings, an open subscheme V Ă Spec R, and an R-torus T that splits over R 1 , if
(1) ΓpSpec R, Oq -ΓpV, Oq via pullback;
(2) every ppRes R 1 {R pT R 1 qq{T q-torsor is trivial over R; and
then the following pullback is injective:
if instead of (3) we have
(in addition to (1) and (2)), then the pullback is injective on the torsion subgroups:
Proof. By Lemma 2.1, the quotient G :" pRes R 1 {R pT R 1 qq{T is representable by an affine, smooth Rgroup scheme and G R 1 is a direct factor R 1 -group scheme of pRes pR 1 b R R 1 q{R 1 pG mrk T . In particular, (1)-(2) ensure that Proposition 2.2 applies to G, and we conclude the injectivity of the maps
where the identification follows from the exactness in the étale topology of the pushforward along a finite morphism (see [SGA 4 II , VIII, 5.5]). The assumption (3) then gives H 1 et pV, Gq " 0 and hence, due to the cohomology sequence Corollary 2.4. For a Henselian, regular, local ring R of dimension ě 2 whose residue field k is of dimension ď 1, a finite étale R-algebra R 1 , and an R-torus T , the following pullbacks are injective:
Proof. We set V :" U R , so that, due to the R-finiteness of R 1 , we have V R 1 " U R 1 . We lose no generality by enlarging R 1 , so we assume that R 1 is local and T splits over R 1 . Thus, the claim follows from Propositions 2.2 and 2.3 once we explain why their assumptions (1)- (2) and (1)- (3) hold.
The assumption (1) holds because R is Noetherian of depth ě 2 (see [EGA IV 2 , 5.10.5]). Since R 1 {R is finite étale, pRes R 1 {R pT R 1 qq{T and T are both tori, so, by Lemma A.2, their torsors are trivial over k. Thus, since R is Henselian, the same is true over R (see [EGA IV 4 , 18.5.17]), so (2) holds. Finally, (3) holds because R 1 b R R 1 is a product of regular local rings of dimension ě 2.
Corollary 2.5. For a finite, flat map f : R Ñ R 1 of strictly Henselian, regular, local rings of dimension ě 4, the following pullback is injective:
Proof. We apply Proposition 2.3 with V " U R . Its assumption (1) holds because R is of depth ě 2. Since R is strictly Henselian and pRes R 1 {R ppG m q R 1 qq{G m is R-smooth and affine (see Lemma 2.1), the assumption (2) holds, too. Since R and R 1 are regular, f is necessarily a local complete intersection morphism (see [SP, 0E9K] ), so the local ring R 1 b R R 1 is a local complete intersection of dimension ě 4 (see [SP, 069I, 07D3, 09Q7]). However, by [SGA 2 new , XI, 3.13 (ii)], the Picard group of the punctured spectrum of a local complete intersection of dimension ě 4 vanishes, so (3) holds.
Remarks.
2.6. As is clear from its proof, one may strengthen Corollary 2.5 by assuming instead that f is a finite, flat, local complete intersection morphism of strictly Henselian, Noetherian, local rings that are local complete intersections of dimension ě 4.
2.7.
A conjecture of Gabber [Gab04, Conj. 3] predicts that PicpU A q is torsion free for any Noetherian local ring A that is a local complete intersection of dimension 3. Thanks to (3 1 ) and the proof above (as well as Lemma 3.2 below), this conjecture implies that the dimension requirement in Corollary 2.5 may be weakened to ě 3.
Passage to the completion
We will need the flexibility of replacing a Henselian ring by its completion without killing Brauer classes. The following standard results achieve this. Their general theme goes back at least to [Elk73] and they rely on the work of Gabber [Gab81] and Gabber-Ramero [GR03] .
Lemma 3.1. For a ring R that is Henselian along a principal ideal pf q Ă R generated by a nonzerodivisor f P R, the following pullback, where p R denotes the f -adic completion of R, is injective:
Proof. By [GR03, 5.4 .41], for every n ě 0, the following pullback is bijective: To deduce Proposition 3.3 from Lemma 3.1, we will use the following widely-known result. Proposition 3.3. For a Henselian, regular, local ring pR, mq, the following pullback, where p R denotes the m-adic completion of R, is injective:
Proof. Let f 1 , . . . , f dimpRq P m be a regular sequence that generates m, set R 0 :" R, and, for each 1 ď i ď dimpRq, let R i be the f i -adic completion of R i´1 . Explicitly, each R i is the pf 1 , . . . , f i q-adic completion of R: indeed, by induction on i, this follows by forming lim Ð Ýn of the short exact sequences
R and each R i is local, regular, and Henselian (see [SP, 0AGX, 07NY, 0DYD]). Consequently, for 1 ď i ď dimpRq, Lemmas 3.1 and 3.2 give the commutative diagram
which shows the injectivity of its top horizontal map. Induction on i then gives (3.3.1).
The p-primary Brauer group in the perfectoid case
While § §2-3 facilitate passage to perfect or perfectoid rings, the present one investigates the pprimary part of the Brauer group of such a ring. We begin with the simpler positive characteristic case.
Proposition 4.1. For a prime p and a perfect F p -scheme X, we have
Proof. Every étale X-scheme inherits perfectness from X (see [SGA 5, XV, §1, Prop. 2 c) 2)]). Therefore, on the étale site of X, the p-power map is an automorphism of the sheaf G m .
A mixed characteristic analogue of Proposition 4.1 is Theorem 4.10 below, which concerns perfectoid rings. The latter were introduced by Scholze in [Sch12] in the context of rigid geometry, with variants in other contexts appearing afterwards. Their axiomatics that suit our purposes are captured by the following definition and discussion, which are related to [BMS16, §3.2].
Definition 4.2. For a prime p, a p-torsion free ring R is perfectoid if R is p-adically complete and the divisor ppq Ă R has a p-th root in the sense that there is a ̟ P R with p̟ p q " ppq and
(Since p̟q Ă R is the preimage of the kernel of the Frobenius of R{p, it is uniquely determined.)
4.3.
The p-torsion freeness, the p-adic completeness, and (4.2.1) imply that R is reduced.
4.4.
The p-adic completeness of R implies that the reduction modulo p map
is an isomorphism of multiplicative monoids (see the proof of [Sch12, 3.4 (i)]). Thus, due to the surjectivity of (4.2.1), there is a p-power compatible sequence p. . . , ̟ 2 , ̟ 1 q of elements of R with ̟ 1 " ̟ mod p. Since ppq " p̟ p q, this gives p̟q " p̟ 1 q Ă p̟ 2 q Ă . . . and p̟ p n n q " ppq for every n ą 0. In particular, each p̟ n q Ă R is uniquely determined: by induction on n, it is the preimage of the kernel of the p n -power Frobenius of R{p, so that The following simple lemma often helps to recognize perfectoid rings in nature.
Lemma 4.7. For a prime p and a p-torsion free ring R such that p̟ p q " ppq for some ̟ P R, if R is integrally closed in Rr Proof. If r P R represents a class in the kernel of R{̟ [Hub93] ). Due to (4.4.2), if x P R is such that x p n P p p n R, then x P pR; in particular, R contains the topologically nilpotent elements pRr are sheaves, that is, these spaces are adic. Moreover, by [KL15, 3.6.14], the two spaces in (4.9.2) are naturally (and functorially in R) homeomorphic in such a way that rational subsets correspond to rational subsets. In addition, by the almost purity theorem in this context [KL15, 3.6 Proof. By §4.8, we may assume that R " pRr 1 p sq˝. Then [Hub96, 3.2.9] (granted that we explain why it applies, as we do below; we choose U " Spa A in loc. cit.) gives the identification In order to ensure that the structure presheaves of adic spectra are sheaves, the book [Hub96] is written under a blanket Noetherianness assumption [Hub96, 1.1.1]. Thus, the deduction of (4.10.2) and (4.10.4) above from [Hub96, 3.2.9] implicitly involves the following limit argument.
The ring R is a filtered direct limit of p-torsion free Z p -subalgebras R j of finite type that are integrally closed in R j r 1 p s (to ensure the latter, we use the reducedness of R and [EGA IV 2 , 7.8.6 (ii), 7.8.3 (ii)-(iii)]). We may assume that G descends to each R j r is a homeomorphism that respects rational subsets. In fact, by following the arguments of [Sch17, proof of 6.4 (ii)], we see that (4.10.6) extends to an equivalence between the étale site SpapRr , the combination of (4.10.5) and (4.10.7) gives (4.10.2). The proof for (4.10.4) is analogous: after expressing R 5 as a filtered direct limit of finite type F p -subalgebras R 1 j that contain ̟ 5 and are integrally closed in R 1 j r 1 ̟ 5 s, one repeats the same arguments.
Passage to perfect or perfectoid towers
We are ready to combine the results of the previous sections into a proof of the remaining cases of the purity conjecture for the Brauer group. We begin with auxiliary lemmas that build suitable towers.
Lemma 5.1. For a complete, regular, local ring pR, mq, there is a filtered direct system of finite, flat R-algebras R i such that each pR i , mR i q is a regular local ring and plim Ý Ñi R i , mplim Ý Ñi R iis a regular local ring with an algebraically closed residue field.
Proof. We set k :" R{m and p :" char k and begin with the case when R is of equicharacteristic. By the Cohen structure theorem [Mat89, 29.7] , then R » k x 1 , . . . , x n . We let k i range over the finite subextensions of k{k and set
, and hence also a regular local ring. Now we turn to the case when R is of mixed characteristic and p P mzm 2 . Then, by [Mat89, 29.7] again, R » W x 1 , . . . , x n for some complete discrete valuation ring W with p as a uniformizer. By [Mat89, proof of 29.1], there is an integral extension W 1 {W of discrete valuation rings such that W 1 has p as a uniformizer and k as the residue field. Letting W i {W range over the finite discrete valuation ring subextensions of W 1 {W , we argue as in the equicharacteristic case that the local ring plim Ý Ñi pW i x 1 , . . . , x n q, mplim Ý Ñi pW i x 1 , . . . , x nhas x W 1 x 1 , . . . , x n as its completion and is regular.
In the remaining case when R is of mixed characteristic and p P m 2 , by [Mat89, 29. 3 and the proof of 29.8 (ii)], there is a W as above such that R » W x 1 , . . . , x n {pp´f q with f P pp, x 1 , . . . , x n q 2 . Then, with the same W 1 and W i as before, each R i :" W i x 1 , . . . , x n {pp´f q is a finite, flat R-algebra that is a regular local ring. In addition, by the previous case, lim Ý Ñi pW i x 1 , . . . , x n q is a regular local ring with the maximal ideal generated by the system of parameters pp, x 1 , . . . , x n q, so lim Ý Ñi R i is a regular local ring with the maximal ideal generated by the system of parameters px 1 , . . . , x n q.
The following variant of [And16, 3.4.5 (3)] supplies the perfectoid covers we will need.
Lemma 5.2. For a mixed characteristic p0, pq, complete, regular, local ring pR, mq with a perfect residue field k, there is a tower tR m u mPZ ě0 of finite, flat R-algebras R m each of which is a regular, local ring such that the p-adic completion p R 8 of R 8 :" lim Ý Ñm R m is perfectoid (see Definition 4.2).
Proof. We begin with the case when p P mzm 2 , in which, by the proof of Lemma 5.1 and the perfectness of k, we have R » W x 1 , . . . , x n with W -W pkq. We set R m :" pW rp 1{p m sq x 1{p m 1 , . . . , x 1{p m n and use Lemma 4.7 to confirm that the resulting p R 8 is perfectoid.
In the remaining case when p P m 2 , we have R » W x 1 , . . . , x n {pp´f q with W -W pkq and some f P pp, x 1 , . . . , x n q 2 , and we set R m :" W x 1{p m 1 , . . . , x 1{p m n {pp´f q. Due to Lemma 4.7, to show that the p-adic completion of the local ring pR 8 , m 8 q is perfectoid, we only need to argue that for some u P R8 the element up is a p-th power in R 8 . For this, we follow the argument of [Shi16, 4.9]: every element of R 8 {p is a p-th power and p P m 2 8 , so, by writing p " ř i pps p i`p t i qps 1p i`p t 1 iwith s i , s 1 i P m 8 and t i , t 1 i P R 8 , we find that p " s p`p t with s, t P m 8 and may set u :" 1´t.
The key purity conclusion for the Brauer group is the following result. that one excludes the p-primary parts for every prime p for which some point x P X of height 1 has an imperfect residue field kpxq of characteristic p.
